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Abstract 

This paper is dedicated to provide theta function representations 
of algebro-geometric solutions for the Fokas-Lenells (FL) hierarchy 
through studying an algebro-geometric initial value problem. Further, 
we reduce these solutions into A^-dark solutions through the degener- 
ation of associated Riemann surfaces. 



1 Introduction 

In the past few decades, the celebrated nonlinear Schrodinger (NLS) equa- 
tion has been widely studied. By using bi-Hamiltionian methods, Fokas 
proposed an integrable generalization of the NLS equation, known as Fokas- 
Lenells equation [5] 



Qxt - qxx - «kl Qx - 2iqx + q = 0, (1.1) 



or coupled form 



I Qxt - qxx + iqqxr - 2iqx + q = 0, 
\ rxt - Txx - iqrrx + 2irx r = 0, 

where g, r is a complex-valued function of x and t. Just like the bi-Hamiltionian 
structure of the well-known Korteweg-de Vries equation can be perturbed to 
yield the integrable Camassa-Holm equation, the same mathematical trick 
to the two Hamiltionian operators associated withe the NLS equation yields 
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the FL equation. In the context of nonhnear optics, the FL equation models 
the propagation of nonhnear hght pulses in monomode optical fibers when 
certain higher-oder nonlinear effects are taken into account |16j . 

The FL equation is a completely integrable nonlinear partial differential 
equation possessing Lax pair, bi-Hamiltonian structure, and soliton solutions 
[3 mi [171 H] ■ One of the remarkable feature of the FL equation is that it 
possesses various kinds of exact solutions such as solitons, breathers, etc.. It 
is known that the bright solitons under vanishing boundary condition have 
been constructed by inverse scattering transform (1ST) method [17], dress- 
ing method [18] and Hirota method [21]. The lattice representation and the 
N-dark solitons of the FL equation have been presented in [25] , where a re- 
lationship is also established between the FL equation and other integrable 
models including the NLS equation, the Merola-Ragnisco-Tu equations and 
the Ablowitz-Ladik equation. In [22], Matsuno has dealt with a more sophis- 
ticated problem on the dark soliton solutions with a plane wave boundary 
condition using Hirota method. The breather solutions of the FL equation 
have also been constructed via a dressing-Backlund transformation related 
to the Riemann-Hilbert problem formulation of the inverse scattering theory 
[26| . Recently, n-order rogue waves solutions of FL equation has been inves- 
tigated using Darboux transformation method [8] . Another feature of the 
FL equation is that it describes the first negative fiow of the integrable hier- 
archy associated with the derivative nonlinear Schrodinger (DNLS) equation 



To begin with, we give a few remarks about the FL equation. Strictly 
speaking, the Fokas-Lenell equation has three different but closely related 
forms. The original equation obtained by Forkas is [5] 



where z^, 7, p are real parameters and u = u{x,t) is a complex- valued func- 
tion. The transformation [17j 



[a da da US]. 



iut — vutx + 'yUxX + iT|ti|^(ti + iuux) = 0, o" = ±1, x G M, t > 0, (1-3) 



u, a = 7/1^, /3 = 1/z/, 



changes ()1.3p into 



utx + aji^u 



2iaf3ux — auxx + criaf3'^\u\'^Ux = 0, a = ±1, 



(1.4) 



which is equivalent to (II. ip . Equation (jl.2p is transformed into 




(1.5) 
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through the transformations 

u \/^6e^(''^+2'^''*)u, a = 7/1/ > 0, 
^ = X + at, T = —ab^t. 

Equation (jl.Sp is the so-called Forkas-Lenells derivative nonlinear Schrodinger 
in some references [22^ I25j. Therefore, we will not distinguish these three 
equations from each other since the existence of these simple transformations 
among them. 

The algebro-geometric or quasi-periodic solution, parameterized by the 
Jacobi variety of a algebraic curve, is a kind of important solutions in soliton 
theory. This kind of solutions was originally studied on the KdV equation 
based on the inverse spectral theory. The algebro-geometric method has 
developed by pioneers such as the authors in [U [3l HI [TTl [HI [I9l [23] and 
further developed by the authors in [H [6l [HI [2l] . In a degenerated case 
of the algebro-geometric solution, the multi-soliton solution and periodic 
solution in elliptic function type may be obtained [3] . 

The purpose of this paper is to analyze the algebro-geometric solutions 
and dark soliton solutions of the FL hierarchy using the algebro-geometric 
method [7]. This systematic approach, proposed by Gesztesy and Holden 
to construct algebro-geometric solutions for whole integrable hierarchy, has 
been extended to the (1+1) dimensional integrable hierarchy, such as the 
AKNS hierarchy, the CH hierarchy etc. Recently, we investigated algebro- 
geometric solutions for the the Degasperis-Procesi hierarchy and Hunter- 
Saxton hierarchy O [10] . 

In the present paper, we consider a cauchy problem (j4.ip . (j4.2p of FL 
hierarchy with a quasi-periodic initial condition q^r (cf. (|3.7ip . (j3.72p ) and 
search for its solutions. We will prove the solution of this cauchy problem 
is unique (cf. Lemma 4.3) and give the explicit form of (7, r (cf. Theorem 
4.6). We find that the quasi-periodic solutions obtained in Theorem 4.6 
can be linked with the dark solitons of FL hierarchy. Especially, for the 
FL equation (II. 2p . the results of [251 [26] can be partly contained from a 
different standpoint. It is worth notice that our results in the present paper 
can not applied to analyze the A^-bright soliton of the FL equation since 
these two kinds of soliton belong to different boundary conditions and its 
may be discussed in detail elsewhere if necessary. 

This paper is organized as follows. In section 2, we construct the FL hi- 
erarchy using a zero-curvature approach and a polynomial recursion formal- 
ism. As a byproduct, we give the conservation law of this newly established 
hierarchy. Moreover, the hyperelliptic curve /C^ of genus n associated with 
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the FL zero-curvature pairs is introduced with the help of the characteristic 
polynomial of Lax matrix Vn for the stationary FL hierarchy. In section 3, 
we treat the stationary FL hierarchy and its quasi-periodic solutions. Us- 
ing these stationary quasi-periodic solutions as initial values, we solve the 
cauchy problem and obtain the quasi-periodic solutions of FL hierarchy in 
section 4. In section 5, we consider a certain limit of these algebro-geometric 
solutions to reduce them into the dark solitons of the FL hierarchy. 

2 The Fokas-Lenells Hierarchy, Recursion Rela- 
tions, and HypereUiptic Curves 

In this section, we provide the construction of HS hierarchy and derive the 
corresponding sequence of zero-curvature pairs using a polynomial recursion 
formalism. As a byproduct, we obtain the first conservation law of the FL 
hierarchy. Moreover, we introduce the underlying hyperelliptic curve in 
connection with the stationary FL hierarchy. 

Throughout this section, we make the following hypothesis. 

Hypothesis 2.1. In the stationary case we assume that 



g(-,t),r(-,t) GC~(]R),tGM, q{x,-),r{x,-)eCHR),xeR, ^^^^ 
q{x,t),q^{x,t),r^{x,t) ^ 0, {x,t) G M^. 

We first introduce the basic polynomial recursion formalism. Define 
{fi,±}£eNo, {9e,±}eeNo and {/i^-.ijteNo recursively by 



q,r G C^{R), q{x),q^{x),r,{x) / 0, x G M. 



(2.1) 



In the time- dependent case we suppose 



9o,+ = -1, ho,+ = Tx, /o,+ = —qx, 
igi,+,x = rxf£,+ + qxhe,+, G No, 
fe,+,x = '^iqxgi+i,+ - '^ife+i,+, i e No: 
hi^+^x = 2ihi+i^+ + 2irxgi+i,+, ^ G No 



(2.3) 
(2.4) 
(2.5) 
(2.6) 



and 



m+i-,: 



,x 



,x 



-1/4, ho,- = -ir/2, /o,„ = 
qxhi- + rxf£-, £ G No, 
2iqxgt+i- - 2ifi_, £ G No 



iq/2, 



(2.7) 
(2.8) 
(2.9) 
(2.10) 
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where fe,±,x, 9e,±,x and he^±^x,i G No, denote the derivative of fe^±, gi^±, hi^± 
with respect to the space variable x, respectively. Explicitly, one obtains 

/o,4 

90, - = -J, (2.11) 

91, - 



-1, 




1 

1 




z 


- ci,+ , 


-Qx, 




1 


1 2 


2j^1xx 


-q^r^ - ci,+g; 


^x , 




1 


1 2 


TT-^xx ~l~ 




1 




"4' 




1 


1 






1 









/o,- 

p 1 

/i ,- = - / {q + mxr) dx - -ici-q, 

Jxn ^ 



'XQ 

, 1. 

^0 - = -^^r, 

rx ]^ 

hi - = (r — iqrrx) dx — -ici-r, etc. 

Here {c^^ij^gN denote summation constants which naturally arise when solv- 
ing the differential equations for gi^+, fi^-,hi^- in (I2.3p - (l2.10p . 

To construct the Fokas-Lenells hierarchy we consider the following 2x2 
matrix 

''«-^' = (5 - )'^=«' 

and making the ansatz 
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where Gn,Fn and Hn are chosen as Laurent polynomials, namely 

n_ n_|_ 



e=o 1=1 

n_ 71+ 
Fn{i,x) = Y,C^'^^fn.-iA^)+Y.^'''fn+-lA^), (2.14) 

n— n+ 



Without loss of generality we will only look at the stationary case and add 
time later on. Then the linear system 

V', = xjV', ^i = K(e,x)v, i^ = {i^utl^2? (2.15) 
yields the stationary zero-curvature equation 

-VnAi^x) + [U{i,x),Vn{i,x)]=Q. (2.16) 

Inserting (j2.12p and (|2.13p into (|2.16p . one easily finds 

^q^{x)Hn{i,x) + ir^{x)Fn{i,x) = iGn,x{^,x), (2.17) 
2izFn{i, x) - 2iiq^{x)Gn{i, x) = -Fn,A^, x), (2.18) 
2izHn{^,x) + 2ir^{x)^Gn{^,x) = Hn,AC,x). (2.19) 

Insertion of (j2.14p into (j2.17p - (|2.19p then yields the recursion relation (j2.3p - 
(|2.10p for fi^^ and for £ = 0, . . . , n+, fi^^ and for £ = 0, . . . , n_, 
respectively. For fixed n = (n+,n„) G Nq we obtain the recursion ()2.3p - 
([2^0]) for gi^± for £ = 0, . . . , n± - 1 and 

/n+-i,+,x-2i(7x5n„,- + 2i/„__i,_ = 0, (2.20) 
-hn^_i^+^^ + 2ihn_-i- + 2irccgn.- = 0. (2.21) 

Thus, varying n± G Nq, equations (I2.20j) and (12.21j) give rise to the stationary 
Fokas-Lenells (FL) hierarchy which we introduce as follows 

s FL (a r)=( ■^"+-1-+'^ " 2^9x5n_,- + 2i/„__i,- \^ 

- ' \ -K^_i^+,x + 2ihn_-i,- + 2ir^gn_,- J ' (2.22) 

n = {n_,n+) £ Nq. 
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We record the first few equations in FL hierarchy ()2.22p explicitly, 

s-FL(o,o)(g,r)= ( j^J^ ) =0, (2.23) 

-L,,,,.,o^(:-!-:-::;;-:^).o. (..4, 

In the special case ci^_ = 1 in (|2.24|) . one obtains the stationary version of 
the Fokas-Lenells system (|1.2p . 

Subsequently, it will also be useful to work with the corresponding ho- 
mogeneous coefficients fe,±,g£,±, and hi^±, defined by the vanishing of the 
integration constants Cfc for A: = 1, . . . , ^, and choosing co,± = 1, 

/o,+ = /o,+ = -Qx, fo - = fo - = ~2^^' ^ Mck=0, k=l,. ..,£■, ^ G N, 

5o,+ = 5'o,+ = -1, go~=9o~ = -^, ge,+ = ae,+ \ck=o, k=i,...,e, ^ G N, 

ho,+ = ho^+ = rx, Ao _ = /lo- = -^i?", = /i£,+ |cfc=o, fc=i,.../, ieN. 

(2.25) 

By induction one infers that 

e e e 

f£,± = ^ ce_kfk,±, 9i,± = ^ ce_k9k,±, ^^,± = ^ Ci_khk,±, G Nq. 

k=0 k=0 k=0 

(2.26) 

In a slight abuse of notation we will occasionally stress the dependence of 
fe,±,ge,±,he,± on q,r (or x,t) by writing h,±{q,r), ge^±{q,r),he^±{q,r) (or 
fl,±{^,t),9i,±{x,t),hi,^j^{x,t)). Similarly, with G^^^, denoting the 
polynomial parts of Fi,Gi,Hi, respectively, and Fi^^^Gi^^, H^^^ denoting 
the Laurant parts of F£,G£,H£,i = (£_,£+) G Nq, such that 

F,(o = F,,_(o + G,(o = G,,_(o + G,,+(e), 



one finds that 



e± i- 

Fi,± = ^ Q±-/c,±-^fc,±5 Gi^_ = Ci__k,±Gk,+, 

k=l k=0 

= ^ ce^-k,±Gk-, Hi^± = ^ C£^-k,±Hk,±, 

k=0 k=l 
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where -Ffc,±, Gk,±, -fffe,± are corresponding homogeneous quantities of Fk^±, Gk,±, Hk^±. 
From ([2T7l) - (p39]) one infer that 

^det(K(e, x)) = ^ {GliC, x) + x)) = 0, (2.27) 

and hence 

Gli^, x) + x)Hn{^, x) = Rn{i), (2.28) 
where the Laurent polynomial Rn is x-independent. One may write Rn as 



2n+l 

i?n(e) = Z-'^- n - i?™), {i?m}^"+o^ C C, 
m=0 

n = 2n+ + 2n_ - 1 G Nq. 



(2.29) 



Moreover, (|2.28|) also implies 

2n+l 

limz"-i2„(e)= n ^- 

and hence 

2n+l ^ 

n^- = Y^- (2-30) 

m=0 

Relation (|2.28p allows one to introduce a hyperelliptic curve /C^ of arithmetic 
genus n = 2n+ + 2n_ — 1 (possibly with a singular affine part), where 

2n+l 

/C„ : -F(C,y) = y2 _ z2n-^^(^) ^ ^2 _ "Q _ ^ 0^ 

m=0 

n = 2n+ + 2?i_ - 1 e No. (2.31) 

Finally we turn to the time-dependent Fokas-Lenells hierarchy. For that 
purpose the coefficients q and r are now considered as functions of both the 
space and time. For each system in this hierarchy, that is, for each n, we 
introduce a deformation (time) parameter t„ G R in g, r, replacing q{x),r{x) 
by q{x,tn),r{x,tn). Moreover, the definitions (l2l^ . (l2T3l) and (f2Tl]l of 
[/, V and F„, G„, respectively, still apply; However, equation ()2.16|) now 
needs to be replaced by 

f^tn(e,a^)-K,x(e,a;) + [C/(e,x),K(e,x)]=0, nGNg, (2.32) 
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which results in the equations 

= UtAC,x) - VnM^x) + [U{^,x),VniC,x)] 

I ~iGri,x+qxiHn+rxiFn qxti + Fn.,x+2izFn—2iqxS,Gn 

\ Txti — Hn,x+'iirxiGn_+'iizHn iGn.x—Qx^Hn—rx^Fn 





£.irxt„-h„_^-.i^+^x+2ihr, 
+2irxgn_,-) 



iiQxt„+f„^-l, + ,x-'iiqx9,i^ 

+ 2ifn_-l,-) 





or equivalently, 



(2.33) 



= -iGnM,x) + q^{x)CHni^,x) + r^{x)CFn{C,x), (2.34) 
QxtAx)^ = -FnA^,x) - 2izFn{i,x) + 2iq^{x)iGn{i, x) , (2.35) 
rxtSx)i = HnAi. x) - 2ir^{x)iGn{i, x) - 2izHn{^, x). (2.36) 

Varying n € Nq, the cohection of evolution equations 

FLJq r)= ( fn+-i,+,x - 2iq^gn__ + 2i/„__i _ \ 

- ' \ r^tn,- K+-i,+,x + 2ihn_-i- +2ir^gn_- J ' 

tn G M, n = (n_,n+) E Ng, (2.37) 
then defines the time-dependent Fokas-Lenells hierarchy. Explicitly, 

FL(o,o)(g,r)=f ^^■*(-' + !;M=0, (2.38) 

represent the first few equations of the time-dependent Fokas-Lenells hier- 
archy. The special case n = (1, 1), and ci- = 1, that is, 



Q'a;t(i_i) - qxx + iqqxT - 2iqx + q 
- - iqrr^ + 2irx + r 







represents the Fokas-Lenells system (|1.2p . 

In addition, combing the recursion relation (12. Oh . (12.10p with (I2.37P then 
yields the first conservation law of the FL hierarchy, that is, 

{qx)t + (/n+-l,+ - /n_,-)x = 0, (2.40) 
(r-x)t + iK_-,x - hn+-i,+)x = 0. (2.41) 
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3 Stationary Fokas-Lenells formalism 

This section is devoted to a detailed study of the stationary Fokas-Lenells hi- 
erarchy. We first define a fundamental meromorphic function (j){P^ x) on the 
hyperelliptic curve /C„, using the polynomial recursion formalism described 
in section 2, and then study the properties of the Baker-Akhiezer function 
tp{P, X, xq), Dubrovin-type equations, trace formulas and theta function rep- 
resentations of 4>, tpi,ijj2,q, r. 

For major parts of this section we suppose (|2.ip . ()2.2p . (|2.3p - ()2.10p . 
keeping n € Nq fixed. 

We recall the hyperelliptic curve 

2n+l 

ICn ■■Hi:V) =V^- ^'"-^n(e) = y^-J{{i-Em)= 0, (3.1) 

m=0 

2n+l 

Rn{i) = z-^^- n - Em), {Era?r^i=o C C, n = 2n+ + 2n_ - 1 G No, 

m=0 

as introduced in (j2.3ip . Throughout this section we assume /Cn to be non- 
singular, that is, we suppose that 

Em 7^ E^i for m ^ m' , m, m' = 0, 1, • • • , 2n + 1. (3-2) 

fCn is compactified by joining two points at infinity Poo^, Poc+ 7^ Poo-, but 
for notational simplicity the compactification is also denoted by /C.„. Points 
P on 

are represented as pairs P = where y(-) is the meromorphic func- 

tion on /C„ satisfying 

J-„(e,y(P)) = 0. 

The complex structure on /C„ is defined in the usual way by introducing 
local coordinates 

CQo:P^(e-eo) 

near points Qo = {£,o,y{Qo)) G K,n, which are neither branch nor singular 
points of ICn] near the points Poo± G K^n, the local coordinates are 

and similarly at branch and singular points of ICn- Hence ICn becomes a 
two-sheeted Riemann surface of topological genus n in a standard manner. 
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The holomorphic map *, changing sheets, is defined by 



* : 



P = (.^,yj{0) -^P* = {z,yj+ii^oA 2)(e)), j = 0, 1, 

P** := (P*)*, etc., (3.3) 

where yj{C)i j = 0, 1, denote the two branches of y{P) satisfying J^niC^y) = 
0, namely 

{y - yo(0)(y - yi(0) = - ^-'"-i?2n+2(e) = o. (3.4) 

Taking into account (j3.4|) . one easily derives 

yo(0 + yi(e) = 0, 

yo(Oyi(0 = -^"'"-^2n+2(0, (3.5) 
yo(e) + yf(C) = 2z-2"-i?2n+2(0- 

Positive divisors on /C„ of degree n are denoted by 

f ICn ^ No, 

\ k ii P occurs k times in {Pi, . . . , Pn}, 
\ OifP^{Pi,...,P„}. 

(3.6) 

Moreover, for a nonzero, meromorphic function / on ICn, the divisor of / is 
denoted by (/). 

For notational simplicity we will usually assume that n G N and hence 
n £ Nq\{(0,0)}. (The trivial case n = (0,0) is excluded in our discussion 
since the "genus" of corresponding curve is — 1 < 0.) 

We denote by {fXj{x)}j=i^... and {i/j(x)}j=i^... ^„ the zeros of (•)^"'"~"^F„(-, j;) 
and {■)'^^~ ~^ Hn{- , x) , respectively. Thus we may write 

n 

n 

We now introduce {/ij}j=i,...,n C /C„ and {z>j}j=i^,,,^„ C /C„ by 

= {^^j{x),-^^j{xf^Gn{^^j{x),x)), j = l,...,n, (3.9) 



^?Pi,...,P„ : < 
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and 

\2n 



L'j{x) = {i^j{x),i^j{x) '^~Gni'^j{x),x)), j = l,...,n. (3.10) 

We also introduce the points Po,± by Po,± = (O, ±i) G /C„, (cf. dOO]) ). 
Next we define the fundamental meromorphic function on /C„ by 

ir^^-y-iGni^,x) 



(j){P,x) 



(3.11) 



(3.13) 



ie-2"-y + iG„(e,x)' 

with divisor of (/>(•, x) given by 

((/>(•, x)) = Ppo__p(a;) - ^p^+A(x), (3.12) 
using p.7|) and (j3.8|) . Here we abbreviated 

^(x) = {/ii(x) = Po,+ ,A2(a;),... ,f^n{x)}, 

u{x) = {hix) = Poo-,z>2(a;),... ,i'n{x)}. 
Given <j)(-,x), the stationary Baker- Akhiezer function is then defined by 

;/D N f ^i(-P,2;,xo) \ 
^^^'"'"°)=U.(^,-,-o) J' 

V'i(P,x,xo) =exp (^^ (ix'(-iz + (7x(x')e</'(^',a;'))) , (3-14) 

MP,x,xo) = ct>{P,x)exp(^j^ dx' {r^{x')C4>-\P,x')+iz)y (3.15) 

Basic properties of (p and ^/^ are summarized in the following result. 

Lemma 3.1. Assume (fSHT) . (fm]l . (l3J5]l . P = {z,y) G /C„\{Poo±, ^'ci}, 
and Zei {^,x,xq) gCxR'^. Then 

(i) (j){P, x) satisfies the Riccati-type equation 

MP, ^) = + 2izcl){P, x) - q.C^^P, x) (3.16) 

and 

^iP,x)^iP\x) = ^^^, (3.17) 

<PiP,x) + <p{P\x) = ^ff'f , (3.18) 

Fn{^, X) 

- <P{P*,x) = (3.19) 
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(ii) ijj{P,x,xo) satisfies the first-order system 

MP,^,^o) = UiC,x)iP, (3.20) 
Vn{^,x)^{P,x,xo) = ir^''-y{P)i^{P,x,xo). (3.21) 



Moreover, 



and 



ipi {P, X, xo)^i (P* , X, xo) = f^'/f' ^\ , (3.23) 
V^2(P,x,xo)^2(P*,x,xo) = 5-/5'% (3.24) 



ipi{P,x,xo)'4>2iP*,x,xo) + Vi(-P*,2;,xo)V'2(-P,2;,xo) 

2iG„(e,x) 



(3.25) 



Fni(, Xo) 

(iii) 1^, tp satisfy 

MP,x,xo) = 4>{P,x)MP,x,xo). (3.26) 

Proof. To prove (j3.16p one uses the definition ()3.11|) of (f) and equations 
(l2Tril - (l2J9D to obtain 

,p , /ir'--y(p)-iG„(e,x) 

,(P,x)- 



^k(e,x) 

iq^Hn{i,x)+ir^Fn{i,x) , , 2izF„(^, x) - 2i^g^.G nisi Xj 

+ (/>(P,x) 



i"n(e,x) ' ' F„(e,x) 

iqM^, x) ir^''-y{P) - iGnit x) + 2iG„ (e, x) 



ir2n-y(P)+iG„(e,x) Fn{i,x) 

X) 

=r,e + 2iz</.(P,x) -(7,e<^2(p^^) 



, -2igg.G„(g,x)./.(P,x) , ^. 
+ . + 2zz(/> P, X + r^i 
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Equations (j3.17p - p.l9p are clear from the definitions of (p and y. By defini- 
tions of ijj^ 

ipi^x{P,x,xo) = {-iz + q^i(t){P,x))'4)i^x{P,x,xo), (3.27) 
tP2,x{P^x,xo) = {iz + r^^(l){P,xy^)i;2{P,x,xo), (3.28) 

the function 'iIj2{P,x,xq)/'iIji{P,x,xq) satisfies the first-order linear equation 

dL{P, x, xq) 



dx 



C^(P-\P, x) + 2iz - qx^HP, x)) L{P, x, xo). 



Since 'ip2iP,x,xo)/ijJi{P,x,xo) and (j){P,x) take the same value at x = xq, 
that is, ip2iP,xo,xo)/ipi{P,xo,XQ) = (j){P,XQ), one derives ()3.26p . (j3.20p . 
(f3:2T]l are clear from 1^^ . ^Mh and 1^^ . ^2M-^2B follow from 
(I3J5]1 . (ISTrp - dOTD . Finally, by (I2J8I1 . ([HTTT]) . (fmi) . 

V'i(P,x,xo) = exp ( / dx' (-iz gx(a;')C<^(-P;2;')) 

= exp ^-z. + q.ix )e 3^^^^^-^,^ J J 

= exp f r dx' - -r--^V.(xO.(P)\ \ 

which proves (13.22p . □ 

Concerning the dynamics of the zeros fij{x) and Vjix) of F„(^,x) and 
Hn{i,x) one obtains the following Dubrovin-type equations. 

Lemma 3.2. Suppose ()2.ip and ifte nt/i stationary Fokas-Lenells equation 
(j2.22p /loWs subject to the constraint (|3.2p on an open interval C M. 
Suppose that the zeros {/^j(3;)}j=o,...,n. of ^'^^^"^ Fn{^, x) remain distinct and 
nonzero for x € il^j. T/ien {/ij(x)}j=o,...,n defined by ()3.9p . satisfies the fol- 
lowing first- order system of differential equations 

A'"ea;i, assume ICn to be nonsingular and introduce initial condition 

{/ij(xo)}j=l,...,n C Kn (3.31) 

for some xq S M, where Hj{xo) 7^ 0, j = 1, . . . , n, are assumed to be distinct. 
Then there exists an open interval Q,^ C M, with xq G ^2^, suc/i that the 
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initial value problem (|3.30p . (|3.3ip has a unique solution {/ij}j=i ,,, „ c ICn 
satisfying 

eC°°(0^,/C„), j = 0,...,n, (3.32) 

and fij,j = 1, . . . ,n, remain distinct and nonzero on Q^. 
For the zeros {i/j{x)}j=i^,,,^n of 6.'^'"'~~^Hn{^,x) similar statements hold with 
fij and replaced by Vj and Qy, etc. In particular, {^'j}j=i,...,n; defined by 
p.lOp . satisfies the system 

Proof. We only prove equation (j3.30p since the proof of p.33p follows in an 
identical manner. Inserting ^ = fij into equation (12.18p . one concludes from 

n 
k=l 

= -2iq^fij'^''-^'^y{fij), (3.34) 

proving ()3.30p . The smooth assertion ()3.32p is clear as long as fij stays away 
from the branch points (Em, 0). In case fij hits such a branch point, one can 
use the local chart around {Em,0) (with the local chart ( = a{^—EjnY^'^,'y £ 
{1,-1}) to verify ([332]) . 

□ 

Next, we turn to the trace formulas of the FL invariants, that is, expres- 
sions of fe^± and h£^± in terms of symmetric functions of the zeros fij and 

of (•)^"-~^i<'„(-) and {•)'^^~~^Hn{-), respectively. For simplicity we just 
record the simplest case. 

Lemma 3.3. Suppose ()2.ip and the nth stationary Fokas-Lenells system 
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([2:22]1 holds and let x G M. Then 



1 

r 1 ^ 



2ir^ 2 



5=1 



^ = (-irn/^^' (3-37) 



|^ = (-ir-^n-.- (3-38) 

Proof. (13.35p - (l3.38p follow by comparison powers of ^ substituting p.7p and 
([3:8]) into taking into account (fZTT]) . □ 



Next we turn to the asymptotic properties of (j) and '/'j'i = 1' 2. 

Lemma 3.4. Suppose (j2.ip and i/ie ni/i stationary Fokas-Lenells system 
holds and let P G /C„\{Poo±, ^o,±}, e IR- Then 



C^o 1 [ir,(i)/2]C + 0(C'), P^P, 



00— ) 



^^0 |r(x)C + 0(C3), P^Po,-, 

r j(x-xoK-'+0(l) . ^ . a. 

^^(^'-)c^o e-^C-oX-^oa) . . C = r\ (3.41) 



p - 


P00+ 


p- 


p 


p - 




p - 






00— 1 



(3.43) 



V'2(p,x) = j'^' c = e (3.44) 

C^o r(x)C + 0(C^), P^Po,-, 
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Proof. The existence of the asymptotic expansions of (p in terms of the 
appropriate local coordinates C = near Poo± and C = C near Po,± is 
clear from its explicit expression in (|3.1ip . Next, we compute these explicit 
expansions coefficients in (j3.39p and ()3.40p . Inserting each of the following 
asymptotic expansions 

</' = <^or' + 0i + O(C), asP^Poo+, (3.45) 

'/' = 0oC + </'iC' + O(C'), as Poo-, (3.46) 

<j) = <PoC^ + (bi + 0{C), asP^Po,+, (3.47) 

</> = 0oC + + 0(C'), asP^Po,- (3.48) 

into the Riccati-type equation (|3.16p and, upon comparing coefficients of 
powers of ^, which determines the expansion coefficients of (pk in (|3.45p - 
([CT]) . one concludes ([339]) and (fSliOD . (fOT]) . ([3:12]) are clear from (l3ll]l . 
(|3:39]1 and ([OO]) . ([M]) and (13:441) follow by (lOoD - (13:42]) and (13:26]) . □ 

Next, we introduce the holomorphic differentials rji{P) on ICn 

Ve{P) = ^^d^, i = l,...,n, (3.49) 

and choose a homology basis {aj,6j}^^^ on /C„ in such a way that the 
intersection matrix of the cycles satisfies 

ajobk = dj,k, ajoak = 0, bjobk = 0, j,k = l,...,n. 

Associated with /C„ one introduces an invertible matrix E G GL(77,,C) 

E = {Ejk)nxm Ej^k = / 

Jak 

C{k) = {Ci{k), . . . ,Cn{k)), Cj{k) = {E~'^)j^k, 

and the normalized holomorphic differentials 



Vj, 



(3.50) 



ujj = ^ Cj{£)'i]e, / ujj = 6j^k, / = Tj-^fc, j,k = l,...,n. (3.51) 

Apparently, the Riemann matrix r = (t^j) is symmetric and has a positive- 
definite imaginary part. Associated with T one dofines the period lattice Lfi 
in C" by 

Ln = {iG C"| z = N_ + rM, N,Me Z"}. 
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The Riemann theta function associated with Riemann surface /C„ and the 
homology basis {aj,bj}j=i^,,,^n is given by 

d{z) = exp (2Tri{n, z) + m{n, tti)^ , z G C", (3.52) 

where {A,B_) = "^J^i AjBj denotes the inner product in C". Then the 
Jacobi variety J(/Cn) of ICn is defined by 

and the Abel maps are defined by 



and 



uji,..., ujn] (mod Lr, 
iQo JQo J 



^Qo • Div(/C„) J(/C„), 

V^aQ^^{V)= J2 nP)AQ„{P) 

A 



(3.53) 



(3.54) 



("Qo,l(^)i---'"Qo,n(^))> 



where Qq is a fixed base point and the same path is chosen from Qq to P in 
(I333D and (l33iD . 

(3) 

Next, let D D , be the normal differential of the third kind holomor- 
phic on ICn\{Po-, Poo+} with simple poles at Pq,- and Poo+, and residues 
1 and —1, respectively. Explicitly, one writes p + as 



where the constants {X'j}j=i,...,n C C are uniquely determined by employing 
the normalization 



/ 

Jaj 
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The explicit formula (j3.55p then implies the following asymptotic expansion 



/ 

JQo 



(3) 

P0,-,Pc< 



C->o 





ln(C) 



MO 




(3.56) 



(3.57) 



(2) 

Moreover, the Abelian diffrential of the second kind il p , are chosen such 
that 



(2) 



[r3 + o(i)](ic, p^Pooi, 



(3.58) 
(3.59) 



^(2)_. (2) (2). Tj{^)-J_[^m f](2)_2m(2) _j^(2) s 

(3.60) 



p 

= T[r' + eo,o + eo,iC + 0(C')], P ^ Poo±, 

P 





eo,± + ei,±C + 0(C'), P^Po,±. 



(3.61) 
(3.62) 



In the following it will be convenient to introduce the abbreviations 



e(P,Q) = HQ„-4Q„(P) + aQ„(PQ), 
PG/C„, Q = (Qi,...,Q„) eSym"(/C„), 



(3.63) 



where Hg^ is the vector of Riemann constants (cf.(A.45) [7]). It turns out 
that i(-,Q) is independent of the choice of base point Qo (cf.(A.52), (A. 53) 
0). 

Given these preparations, the theta function representations of 0, -01 , i;^2, <? 
and r then read as follows. 



Theorem 3.5. Suppose (j2.ip and the nth stationary Fokas-Lenells equation 
(|2.22p holds subject to the constraint (j3.2p on an open interval f7 C M. 
Moreover, let P G /C„\{Po,-) -foo+} a?^'^ x £ ^l. In addition, suppose that 
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T^fiix)! or equivalently, ^^^(^x) 'is nonspecial for x £ ^l. Then, V'l, ^2, <?, 
admit the following representations 



— — exp ^(x — xq) f J^o^^^ , (3.65) 
V Jqo ) 



MP,x) = C{x)C{x,xo) 



e{ap,Kxo))) 

P rP 



where 



C{x 



xew([ f^g,_,p^^-i(x-xo) / n^o^), (3.66) 

1 eiaPo,-,K^))) ^(e(Po,+,A(^o))) 



q{xo) e(e(Po,-, A(^o))) e(e(^o,+,^(x))) 

X e~^^^~^°^^^°-~'^'''+^~'^o'^ ^ (3.67) 
6'(£(Po-,A(a;o))) Y ^ 

T/ie ^6eZ map linearizes the divisors T^fi(x) ^'^^ ^i>(2,') sense that 

QLQ^iP^ix)) =aQo(^A(^o)) - - xo), (3.69) 

^Qo(^A(^)) =^Qo(%^o)) - ^US\x - xo). (3.70) 
Moreover, one derives 

6'(i(^o-,Mx))) 6i(^(Po,+,/f(a;o))) 

^(e(Po,-,^(x))) ^(e(^0,+ ,^(xo))) 

^^^^ = ^^^°^ ^(e>o.-,^(xo))) eim^,,m)) ' ' ' ^'-'^^ 

, , 0im,^,H^o))) g(i(Po,+, A(xo))) ,o,-_,o.+ 

6'(i(-Po-,^(xo))) 6'(^(Po,+,i^(xo))) 
Proof. First, we temporarily assume that 

fij{x) / /ij/(x), i^fc(x) 7^ I'k'ix) for j 7^ j', k ^ k' and x G 0, (3.74) 

for appropriate C 17. Since by p.l2p . Vp^ ^ ~ T^p^+p., and (Pq,-)* ^ 
, i^n} by hypothesis, one can use Theorem A. 31 in [7] to conclude 
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that G Sym"'(/C„) is nonspecial. This argument is of course symmetric 
with respect to fi and P. Thus, 2?^ is nonspecial if and only if T>(, is. 

Next we define the right-hand side of (|3.65p to be V'l- We intend to prove 
"01 = V'l) with ipi given by (j3.14p . For that purpose we first investigate 
the divisor of ipi. Since the zeros and poles can only come from zeros of 
FniCjx) in ()2.14p . one computes using (j3.9p . the definition (j3.1ip of (j), and 
the Dubrovin equations ()3.30p . 

2iy{P) 



qx'{x')i(t){P,x') ^ =^ ^ -qx{x')fij{x') 



^ +o{i) 



C-/ij(x') 

= dx'HC-tij{x')) + 0{l). (3.75) 

Together with (|3.14p this yields 

{{^ - Hj{x))0{l), as P / /ij(xo), 
0(1), as P-^ fij{x) = fij{xo), 

(? - Mj(2;o))~"^0(l) as P ^ Aj(a^o) / Hix), 

P = {^,y) G ^n, x,xo G n, 



(3.76) 



with 0(1) 7^ 1. Consequently, ipi and ipi have identical zeros and poles on 
ICn\{Poo±}, which are all simple by hypothesis (I3.74p . Next, comparing the 
behavior of ipi and ipi near Poo±; taking into account ()3.14p and (j3.6ip . the 
expression (I3.65P for ipi , and (|3.4ip , then shows that ipi and V'l have identical 
exponential behavior up to order 0(1) near Poo±- Thus, ipi and ipi share the 
same singularities and zeros, and the Riemann-Roch-type uniqueness result 
(of. Lemma 3.4 [6]) then proves that ipi and ipi coincide up to normalization. 



By (|3.62p one infers from the right-hand side of (I3.65P that 

0(C(PO-,A(X))) V , 

MP,x,xo) = O(x,xo) „;gp°' ^^^ -»(---°K-+0(C) 
C^o (9(4(Po-,Mxo))) 

asP^Po-, (3.77) 
MP,x,xo) = C(x,xo)^|^|^^^t^4^e^(^-^»)<=»'+ +0( 

asP^Po,+ - (3.78) 

A comparison of ([02]) and (ISTTT]) . ([378]) then yields (^Mh . (^77T\\ subject 
to (13771) . By (|3T2]1 . one infers that (/>(P, x) exp(- /^^ p^^) must be 
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of the type 



0(P,x)exp ( - / n'^;_^p^^ ) = C{x) ^]-]^-)J^[[ (3.79) 



for some function C{x),x G C. A comparison of (|3.79p and asymptotic rela- 
tions (|3.40p then yields, with the help of (j3.56p . the following expressions 

=C(3:) ^7 " 7 e"o , (3.80) 



e(^(Po^,i'(x))) 0,- 

r{x) =C{x) )f '7 e-° , (3.81) 

6'(i(^o-,Ma;))) ^(i(^o,+ii£(a;))) 

Taking into account (f3:M]l . (l3TT]l . (f3:80l) - (l3:82]l . one easily derives (fOTj) . 
(13:711) - (13773]) . (13:66]) follows by (l3:26D . (ITO]) and dMS}. Next we only 
prove the linearity of the Abel map with respect to x in (j3.69p since the 
proof for (I3.70p can be derived in an identical fashion. Using the Dubrovin 
equations ()3.30p . expression ()3.5ip . and Lagrange's interpolation formula 



, n, 



one infers 



n 



Qo 



2^ 2^ 



n n 



2ic{n) = -iuS\ (3.83) 



which proves (j3.69p . The extension of all these results from to then 
simply follows from the continuity of aq^ and the hypothesis of T^fi(x) being 
nonspecial on fi. □ 
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4 Quasi-periodic Solutions 



In this section, we extend the algebro-geometric analysis of Section 2,3 to 
the time-dependent FL hierarchy. 

Throughout this section we assume (j2.2p holds. 

The time-dependent algebro-geometric initial value problem of the FL 
hierarchy is to solve the time-dependent rth FL flow with a stationary so- 
lution of the nth equation as initial data in the hierarchy. More precisely, 
given n G Nq\{(0, 0)}, based on the solution q(^\A^) of the nth stationary 
HS equation s-FL„(g'^''), r^''^) = associated with /C„ and a set of integra- 
tion constants {Q,±}£=i,...,n C C, we want to build up a solution q,r of the 
rth FL flow FLr{q,r) = such that g(to,r) = '^(^Cr) = r^^^ for some 
to,r G M,r G Nq\{(0,0)}. To emphasize that the integration constants in 
the definitions of the stationary and the time-dependent FL equations are 
independent of each other, we indicate this by adding a tilde on all the time- 
dependent quantities. Hence we shall employ the notation Vr, Fr, Gr, Hr, 
fs, gs,±, hs,±, Cs,± in order to distinguish them from F„, Gn, Hn, fs,±, 
gs,±, hs^±, Cs,± with respect to ^ in the following. In addition, we mark the 
individual rth FL flow by a separate time variable tr G M. 

Summing up, we are interested in solutions g', r of the time-dependent 
algebro-geometric initial value problem 

FL„(g, r) = ( + (^--''^'^ - I'l^'^-'- + f^-''- ] = 0, 

V "^^tr - 'T'r+-l,+,x + 2lhr_-l- + 2^ra;5■r-,- / 

{q,r)\u=to., = {q^'\r(^^), (4.1) 

s-FL„(Q(°),rW)= f /n.~i,+,x-2igi°^5n_,- + 2i/„ i,_ 

i,+,x + 2ihn_-i- + 2irx gn-,- 

(4.2) 

for some to,r £ where q = q{x,tr),r = r{x,tr) satisfy (j2.2p and a fixed 
curve ICn is associated with the stationary solution q^^\r^^^ in (14. 2p . Here 

n = (n+, n_) G N^, r = (r+, r_) G N^, n = 2n+ + 2n_ - 1 G N. 

Noticing that the FL flows are isospectral, we further assume that (j4.2p 
holds not only for tr = to,r) but also for all tr G M. In terms of Lax pairs 
this amounts to solving the zero-curvature equations 

f^t.(e,a;,ir:)-K,^(e,x,y + [[/(C,x,i,),V;(e,a::,t,)] =0, (4.3) 

-Vn,x{^,X,tr) + [U{^,x),Vn{^,X,tr)] = 0, (4.4) 
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where 



U(£ Xt)-l 'lx{x,tr)i \ 2 

-fr ( t J. \ / X, tr) ~'l^n{^i X, t^) A 



and 

= ^r^V-~£,~(a:,tr) + ^e^V+-£,+ (2;,tr), (4.6) 

F„(e,X,t,) = ^r''+Vn-^,-(a;,tr) + 5]e'Vn+-£,+ (^,ir), (4.7) 

n_ n-i- 

RrAi.x.tr) = ^r'^+i/i„__^,_(x,i,) + ^e'X+-£,+(a;,ir:), (4.8) 

r_ r_|_ 
G^(e,rE,t,) = ^r^'9r_-.,-(2;,tr) +X]^^'^r+-s, + (x,tr), (4.9) 

r_ r+ 

F„(e,X,t,) = J^r''+7r_-.,-(x,t.) + J^e'7r+-s, + (x,t.), (4.10) 
s=0 s=0 

#„(C,a;,t,) = J]]r^^+i^,__,,_(x,t,) + ^e^"/i,+_,,+(x,t,), (4.11) 

s=0 s=0 

for fixed n, r G Ng\{(0,0)}. Here /i£,±, /s, 5s, and /i^ are defined 

as in (j2.3p - (|2.10p . with q{x) replaced by q{x,tr), etc, and with appropriate 
integration constants E N, and Cs^±,s E N. Explicitly, (j4.3p and (|4.4p 

are equivalent to 

— 'i'Gr,x{Ci X-i ir) + Qx{x, tr)^Hr{^j X, tj^ -\- Vx^X, ir)^-P)-(^, X, t^), 
Qxtrix, trjS, = -Fr,x{i, X, tr) - 2izFr{^, X, tr) + 2iqx{x, tr)(,Gr{(,, X, tr), 
"^xtnix, tr)^ — Hn^xiCi X, ^r) ^iVx^X, tr)^Gn{5,^ X, t^) UzHjil^^, X, tr), 
— iGn,x{^: X, tr) -\- CQx^X, tj^Hn{^i X, t^) + ^fx^X, tf^F^ii^, X, tr), 
= Fn,x{t X, tr) + 2izFn{i, X, tr) - 2i^qx{x, tr)Gni(,, X, tr), 
= -Hn,x{i, X, tr) + 2izHn{i, X, tr) + 2zr^(x, tr)CGn{t X, tr). 

(4.12) 



n+ 
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Equation ()4.12p then yields 

(4.13) 



and meanwhile (cf. Lemma l4.2p 

^-det{Vni(,,X,tr)) = -^(Gn{z,X,trf + Fni^,,X,tr)Hn{tx,tr^ = 0. 



dtr ~ ~ dt 



(4.14) 

Hence, G'„(^)^ + zFn{^)Hn{0 is independent of variables both x and 
which implies the basic identity (|2.28p 

G„(e, X, trf + F„(e, X, UjHnii, X, tr) = Rn{0 (4-15) 

holds and the hyperelliptic curve /C„ is still given by ()2.3ip . 
As in the stationary context p.9p . (jS.lOp we introduce 



P'jiXjtj^ — i.t^ji.X itr) 1 l^jix,tj^ Gji (/^j (s^) ^r) ) )) ) j — 1, . . . 



n. 



(4.16) 

and 

Vj{x,tr) = {l^j{x,trJ,Uj{x,trj'^'^-Gnil^j{x,tr),X,tr)), j = l,...,n. (4.17) 

In analogy to (jS.lip . one defines the following meromorphic function 

((){■, X,tr) on ICn, 

^ s iC-'^''-y-iGn{^,x,tr) 

(j){P, X,tr) = 



Fn{^,i X, tr) 



(4.18) 



i^-^^-y + iGn{tx,tr)' 

with divisor of (l){-,x,tr) given by 

{((>{■, x,tr)) = 'Dp^ _o{x,tr) - '^Poo+K^A)- (4-19) 
The time-dependent Baker- Ahiezer function tp is then defined in terms of (p 
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by 

i)l{P,X,Xo,tr,to,r) =ex.p ( / ds{iGr{^, Xo, s) - Fr{^, Xq, s)(l){P, Xq, s)) 

^ Jto.r 

+ / dx' {-iz + q^{x',tr)C(l){P,x',tr))), (4.20) 

1p2iP, X, Xo,tr, io,r) =</'(-P, X, tr)llji{P, X, Xq, U, to^r), 

P = iCy) G ICn\{Po,-,Poo+},{x,tr) GR", (4.21) 

with fixed (xo,to,r) G IR^- 

The following lemma records basic properties of (j) and ip in analogy to 
the stationary case discussed in Lemma l3. 11 

Lemma 4.1. Assume ()2.2p and suppose that ()4.3p . ()4.4p /loM. 

(i) Let P = (^,y) G ICn\{Po- , Pod+} and {x,xo,tr,to^r) G IR"^- Then (j) 
satisfies 

MP) = + 2iz0(P) - <7,.e0'(P), (4.22) 

and 

{qxi<t){P))u = (-FrJiP) + iGr)^ , (4.23) 

^tAP) HQxO"^ (2izFrJ){P) - FrMP) + iGr,x) " 2iGr_HP) 

=Hr - 2iGr_(t){P) + Frjf^iP): (4-24) 

m<t>{P*) (4.25) 

<A(P) + 0(P*)=^|^, (4.26) 

,^(P) - 0(P*) = - ^'^^'jT^^I^^ ■ (4.27) 

(n) Assuming P = {z,y) G ^n\{^o,±}) i/ie?i V' satisfies 

V^,(P) = C/(e)^(P), (4.28) 

K(e, ^)^(^) = ir'"-y(^)^(^'), (4.29) 

^l^tAP) = ytrm{P)- (4.30) 
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and one derives 



1pl[P,X,Xo,tr,to^r) =\ T=-T exp / ds 



Fn{^,Xo,s) 



.^Y^^^li:!!!^ ) ) (4 31) 



and 



^ Fn{(,,X,tr) 
tpl{P,X,Xo,tr,to,r)'ipl{P*,X,Xo,tr,to,r) = % ' ' ~ x , (4.32) 

'll^2{P,X,Xo,tr,to,r)'4^2{P*,X,Xo,tr,to,r) = 1^7^^' ^'^~\ , (4.33) 

1pl{P, X, Xo, tr, to,r)'4'2{P* , X, Xq,U, to,r) + 1pl{P\x, Xq, U, to^r)lp2{P, X, Xq,U, to^r) 

"^iGni^-i X-, tr) 



Fn{S,, Xo, to,r 



(4.34) 



In addition, as long as the zeros of Fr{-,x,tr) are all simple for {x,tr) G 
$7, $7 C open and connected, Tp{P, xq, tri io,r) is meromorphic on lCn\{Po.±} 

for {x,tr), (xo,to,r) G ^■ 

Proof Equation K22\i . (|02]l - (iOi]) are proved as in Lemma 

13.11 To prove (I4.23P and (I4.24p one first observes that 

(d^ - 2iz + 2q,C(^ - ^) ({q,ci))u + r'(i^r<A - iGr)J) = (4.35) 

using ()4.22p and relations (I4.12|) repeatedly. Thus, 

{^x4>)u + C^{FrJ> - iGr)x = Cexp( [ dx'{2iz - 2q,i^ + ^)) , (4.36) 

where the left-hand side is meromorphic in a neighborhood of Poo+, while 
the right-hand side is not meromorphic near Poo+ only if C = 0. This proves 
(j4.23p . Equation (|4.24p is an immediate consequence of (j4.12p and (j4.23p . 
Relations g^ll-di^O]) are clear from g^Q]), (lilTD . K22h and KMi . KTDi 
follows by KT2\i . KT8\i . (O0]l and (|i39]) . That ipi{-,x,XQ,tr,to^r) is mero- 
morphic on /Cn\{^o,±} if Fn{-,x,tr) has only simple zeros is a consequence 
of 

-iz + q,C<P{P,x',tr) = d,>ln{Fn{tx',tr))+Oil) (4.37) 

P^jlj{x' ,tr) 
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as C fij{x',tr), using dUS]), (|il6]) and KT8\i and 

-F,(e,xo,s)(/>(P,xo,s) = dsHFn{C,^0,s)) + O{l), (4.38) 

P-i>Ai(a;o.s) 

using ([il^ . ([il^ and (g^U]). This follows from i^^72U\i by restricting P to 
a sufficiently small neighborhood Z/,(xo) of {/ij(xo,s) G /C„|(2;o,s) £ ^l,s £ 
[to,r,'tr}} such that /ifc(no,s) G hlj{xQ) for all s G [to,r, ^r] and for all k G 
{1, . . . , n}\{j} and by simultaneously restricting P to a sufficiently small 
neighborhood Wj(tr) oi {fLj{x' ,tr) G /Cn|(x',tr) G ^,x' G [xo,2;]} such that 
flk{x',tr) ^ Uj{tr) for all G [a;o,a^] and all /c G {1, . . . ,n}\{j}. □ 

Next we consider the tr-dependence of F„ , G„ , Hn- 

Lemma 4.2. Assume (j2.2p and suppose that (j4.3p . (|4.4p /io/(i. T/ien 

= 2i(G,F„ - (4.39) 

Gn,*^ = i [Frjin " i^n^r ) , (4.40) 
Hn,U = 2i{GnHr " G,i?„). (4.41) 
/n addition, (j4.39p - (l4.4ip are equivalent to 

- Vn,u_ + [K, K] = 0, (4.42) 

and hence (j4.14p holds. 

Proof. We proves ()4.39p by using (|4.27p which shows that 

(HP) - HP*))u = J (4.43) 

Ik 

However, the left-hand side of (j4.43p also equals 

im - HPDu = ^^^^{2^Gr_ - ^), (4.44) 

using ([424]), (|4:26]1 and (14271) . Combing (fOHjl and (fOi]) proves ([ilM]) . 
Similarly, starting from (j4.26p 

{<P{P) + (l){P*))u = 2iF^\Gn,U_Fn - Fn,U_Gn) (4.45) 

yields (fOO]) . di:!!]) is a consequence of (f4T2]l . (11:391) and (144(1 . Finally, 
differentiating Gni^,, x, t^)"^ + -Fn(Ci 3^, tr)Hn{S,^ x, tr) with respect to t^, and 
using (|4.39p - (|4.4ip then yields Rn,tr = 0, or equivalently, (|4.14p . □ 

Next we turn to the Dubrovin-type equations, which governs the dynam- 
ics of of fij and vj with respect to variations of x and tr. 
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Lemma 4.3. Suppose (j2.2p . (|4.3p . (j4.4p on an open and connected inter- 
val flfj, C M^. Suppose that the zeros {fij{-)}j=o „ of Fn{-) remain 

distinct and nonzero on Q^. Then {/ij(x)}j=o,...,n defined by (|4.16p . satisfies 
the following first-order system of differential equations 

-2iy{flj{x,tr))Fr{Hj{x,tr)) 



j = l,...,n, G J^^. (4.47) 

TVext, assume ICn to be nonsingular and introduce initial condition 

{/ij(xo,to,r)}j=l,...,n C JCn (4.48) 

for some (a^Oi^o.r) G 1^^, where /Uj(2;o, io,r) 7^ 0,j = l,...,n, are assumed 
to be distinct. Then there exists an open interval ri^j C M, tyii/i G 
Q^, such that the initial value problem (14. 46 1 - (14. 48 p has a unique solution 
{/ij}j=i,...,n C ICn satisfying 

fij eC^{%,JCn), j = 0,...,n, (4.49) 

and = 1, . . . ,n, remain distinct and nonzero on Q^. 
For the zeros {vj[-)}j=i^ n of S,'^^^~^Hn{-) similar statements hold with /Xj 
and 17^ replaced by Vj and ili,, etc. In particular, {z)j}j=i^ „, defined by 
(j4.17p . satisfies the system 

M = -W^.'n)) (4.50) 

2iy{Uj{x,tr))Hn{yj{x,tr)) 



r^{x,tr)l^j{x,tr) l\l=i^kj^j{l^jix,tr) - ffc(2;,tr))' 

j = 1, . . . ,n, x e^u- (4.51) 

Proof. It suffices to prove ()4.47p since the argument for ()4.50p is analogous 
and that for (j4.46p and (j4.5ip has been given in the proof of Lemma 13.21 
Inserting ^ = fj.j{x,tr) into (I4.39p . observing (I4.16[) . yields 

n 

Fn,tr{H) = -9xAt~^'^"'^Vj> n ~ = -2iGn{flj)Fr{^j), 

= 2zr'"-2/(Ai)i^r(/ii). (4.52) 
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which indicates (|4.47p . □ 

Since the stationary trace formulas for fi^± and /i^^-t in terms of sym- 
metric functions of the zeros nj and U£ of and (•)^'""~-'^ in 
Lemma [3 . 21 extend hne by hne to the corresponding time-dependent setting, 
we next record their t^-dependent analogs without proof. For simplicity we 
again confine ourselves to the simplest cases only. 

Lemma 4.4. Assume hypothesis (j2.2p and suppose that (j4.3p and (j4.4p hold. 

Then, 

1 " 

^ - ^QxTx - ci,+ = - X] /^i' (^-5^) 

1 " 



2ir^ 2 



iq 



n 



2q., 



X 



{-lrll^^„ (4.55) 



2^ 



Next we turn to the asymptotic expansions of (p and ip in a neighborhood 
of Poo± and Po,±- 

Lemma 4.5. Assume hypothesis (|2.2p anc? suppose that ()4.3p and (j4.4p /loM. 

Moreover, let P = (^,y) G /C„\{Poo±, -Po,±}, (x,tr) G IR^, (x, xq, to,r, ir) G 
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l^. Then 

(p{P,X,tr] 



2i[q,{x,tr)]~\~^ + OiO, P^P, 



00+ ) 

3\ 



(4.57) 

' -\^o\r{x,tr)C + 0{e), P^Po,-, 

r i(x-X0)C-2+i(tr-t0,r)El±iCr+-.C"''"+O(l)^ p _^ ^ 



00— ) 



(4.59) 



(4.60) 



OTt/i t/ie /om/ coordinates C = C ^^ear Poo± C = C near Po,±. 



Proof. Since by the definition of (j) in (j4.18p the time parameter can be 
viewed as an additional but fixed parameter, the asymptotic behavior of (j) 
remains the same as in Lemma l3.1i Similarly, also the asymptotic behavior 
of tpi{P, X, xq, tr,tr) is derived in an identical fashion to that in Lemma IS.li 
This proves (14.590 and ()4.60p for to,r = tr, that is, 

( i{x-xoX-'^+0{l) p^p 
^ 1 ^ ^ 00+) 



^_;.0 g-l(X-X0)C, '+U(l) p ^ p 



00— ) 



^l(P,X,Xo,tr,tr) 



^(1 + 0(C)), P^Po,+, 



It remains to investigate 

V'l(P,Xo,Xo,tr,to.r) = exp ( / ds{iGr{^, Xf), s) - FriC,Xo,s)(l){P,Xo,s))y 

(4.61) 

Next we compute the asymptotic expansions of the integrand in (j4.6ip . 
Focusing on the homogeneous coefficients first, and then using the relations 

Fr = Vc^+-sP;,+ + 0(l), Gr = Vc^+_,G,,+ + 0(1), 

~ C— s-0 ^ — ' ~ C— — 

s=l s=l 
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one finds as P — Poo±, 



C->0 2Fn Fn 
r+ 

,=o^^E^-+-^^"'' + OW- ^ = V6 (4.62) 

Insertion of (j4.62p into ()4.6ip tlien proves ()4.59p as P — )• Poo±- Similarly, as 

P ^ Po,±, 

iGr - FrjP = iGr_ + F,F^^(ir'"-y " 

iG,_ + FS - iGni-^^'y){Fnr^''-y)-^ 



(4.63) 

Insertion of ([ilUH]) into (jTUT]) then proves ([i:BU|) as P Po,±. □ 

Next, we turn to the principal result of this section, the representation of 
(/), ipi,q,r in terms of Riemann theta function associated with /C„, assuming 
n = (n_,n+) G No\{(0,0)} for the remainder of this section. In addition 

to ()3.55p and (j3.58p . let ^p^^ ^ Po ± k normalized differentials 

of the second kind with a unique pole at Poo± and Po,±, respectively, and 
principal parts 

^?i± k (C~'"' + 0{l))dC P ^ Poo±, C = r\ A: G No, (4.64) 
^S,±,fc (C'"' + 0(l))dC, F ^ Fo,±, C = r\ k E No, (4.65) 
with vanishing a-periods. 

Moreover, we define 



s=l 

+ J2 2^c.+-,+ (^^?i+,2.-i - ^?L,2s-i)) (4-66) 

s=l 
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and abbreviate 

rP ^+ 



= lim ( / J7f ^ ^ Cr^.sC') , (4.67) 



Q°'±= lim / nf)^Y.~^r.-sQ-''). (4.68) 



~ (2) 

The vector of 6-periods of Or is denoted by 

~(2) ~(2) ~(2) ~(2) 1 r . 

t^r = (&,!' • • • >&,n)> = ^ / ' J = 1> • • • > (4.69) 

Theorem 4.6. Assume ()2.2p anc? suppose that ()4.3p and ()4.4p /loW subject to 
the constraint (13. 2p on f], where C is open and connected. In addition, 
let P G /Cn\{-Poo±> -Po,±}) {x,tr) G and (x, xq, trj *o,r;) S IR^. Moreover, 
suppose that T>(j,{x,tr)' '^'^ equivalently, V^f^^ ^^^, is nonspecial for {x,tr) G 
T/ien (pjipijQjr admit the following representations 

0(P,.,.,) = Cix,t.J^^^^^j^^e.p ^J^^ _,,^^J , 

(4.70) 

X exp ( - i(x - xo) / r^o^^ - ^(tr - to,r) / ^i^M , 

(4.71) 

w/iere 

C(xt)= 1 g(e(^o,-,A(^,tr:))) g(^(Po,+ ,A(^o,to,r:))) 

~ qixo,to,r)0{^iPo,^,Kxo,to,r))) ^(^(^0,+ , H^^, ^r) )) 

^ g-j(x-Zo)(eo,--eo, + )-i(fr-fO,r)f^r'"-aJo'"*' J2'j 

C(x,xo,t.,to.) = (4.73) 

The Abel map linearizes the auxiliary divisors T)fi(^x,tr)^^y{x,tr) sense 
that 

aQo(%^,ir)) =aQo(%^o,to,r)) - ^f^?^(a^ - a^o) - \t - to,r), (4.74) 

QLQS'^u{x,tr)) =aQo(%(^o,to,r)) - ^t^?^(2; - xq) - iU^r\t - to,r)- (4.75) 
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Moreover, one derives 

, 0(e(Po,-, A(^0, to,r))) 9{aP0,+ ,Kx, tr))) 



q{x,tr) = g(xo,to,r) 



r{x,tr) = r-(xo,to,r) 



^ gi(x-Xo)(eo,-+eo,+ ) + i(fr-to,r){f^r'"+f2r'^) ^/^ ^g^J 



q{xo,to,r)r{xo,to,r 



6iaPo,-,Hxo,to,r))) eiaPo,+ ,Hx,tr))) 

^ g-i(x-Xo)(eo,--eo, + )-i(tr-to,r)(^^r'~+nS^'+) ^r^-J 

0(e(Po,-,H^O, to,r))) e{C{Po,+ ,KxO, to,r))) 



e{^{Po,-,fl{xo, to,r))) e{C{Po,+ ,HxO, to,r))) 



0.- (),+ 

X e'^o "'^o . (4.78) 

Proof. As in the corresponding stationary case we temporarily assume 

Hjix,tr) / fJ.j>{x,tr), for j / /, {x,tr) G (4.79) 

for appropriate Q C Q and define the right-hand side of (I4.7ip to be ipi. We 
intend to prove ipi = ^i, where ipi is given in (j4.20p . For that purpose we 
first investigate the local zeros and poles of ipi and note 

gAx',tr_mP,x',tr_) - 2iy(A,(x,t^)) 



P^iij{x',U)Uk=l,k^jif^ji^'^'l^r) - llkix',tr)) 

= 8^aiiK-fij(i',y) + o(i). (4.80) 



-Fr{(,,Xo,s)(,(l){P,Xo,s) 



2iy{fij{xo,s)) 



i-^ij[xQ,s) qx{xo,s) 
= dsH^- fij{xo,s)) + 0{l), (4.81) 

P^fij{xo,s) 
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using (|TOD . (|TOD . (|06]) and ga?]). Thus 

'(/'l(P,X,Xo,tr,io,r) 

- /ij(x,tr-))C>(l) , as P ^ ilj{x,tr) ^ flj{xo,to,r), 

0(1), as P flj{x,tr) = flj{xo,to,r), 

{S, - flj{xo,to,r))^^ O (1) , as P ^ flj{xo,to^r) P'ji^,ir), 

P=(e,y)G/C„, (4.82) 

with 0(1) 7^ and hence ipi and ^/^i have identical zeros and poles on 
JCn\{Poo±, Po,±} which are all simple. It remain to study the behavior of 
Tpi near Poo±,^'o,±- One infers from ()i39]) . ([ilBO]) . (liTTT) that ^/^i and Vi 
have the same essential singularities at Poo±,Po,± and the Riemann-Roch- 
type uniqueness result (7] proves that ipi and ^ coincide up to normalization. 
This proves (liTTB for some C{x, xo,U, to,r) G (^"^(IR^). The expression ()i39D 
for the divisor (p then yields 

MP ,^ r./ . , »K(P.i(^.t.))) /'/■''oP) ^ MM 
^.(P,.,^) = g(^.'.) ,(gp.^(,,,^))) exp (/^^ Sip,„_,p„,j , (4.83) 

where C{x,tr) is in dependent of P G /C„. Hence (|4.58|) implies 

1 e(f(Po+,L'(x,tr))) 0,+ 

=g(^^^r) ^ 7 " 7 , (4.84) 



g(x,i^) - 6'(^(Po,+,A(3;,*r))) 

9(C(P0^,L'(x,tr))) 0,- 

a(x t )r(x t ) _ ^m-^^(^>^.)))^(i(^o.+ ^Mx,t,))) o,-„,o.. 
g(x,yr(x,y -0(i(Po,-,A(:^,t^))) ^(i(Po,+ ,H^,t^))) ■ ^ ^ 

The asymptotic behavior (|4.60p of '01 near fo,± then yields 

7fP , , ^ nf , , , g(g(Po.„,Mx,M)) 

- C^O - '- e{^{Po_,fl{XQ,to^r))) 



^ ^-i{x-Xo)eo,--i{tr_~to.r)n°r: + Q {() 3.8 P ^ P^ 



0, 



e{^{Po+,fl{x,tr))) 

'll)l{P,X,Xo,tr,to^r) = C {x, Xq^U ,to^r) tVr, ' -7 : w7 ('^•^^) 

" " C^O - - 6'(|(Po,+ >M2:o,io,r))) 

^ ^i{x-Xo)eo,+ +i{tr-to,r)n°r:+ + Q^^) aS P ^ Po,+ - 

A comparison of (OOl (OTD and (OH]) then yields (irai) and K76\i . 
follows from K76h and (OD . is a consequence of (ji772]) and (f05]) . 
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The linearization property of the Abel map in ()4.74p and (|4.75p a standard 
investigation of the differentials xq, tr, io,r) = dln{ipi{-,x,xo,tj^,tQ^r))y 
i = 1,2 (c.f. [23]). ~ '~ ~ '~ □ 

5 TV-Dark Solitons 

In this section, we will link the algebro-geometric solutions of FL hierarchy 
derived in section 4 with the A^-dark solitons through a limiting procedure. 

It is known that the solutions obtained after degeneration of the hyper- 
elliptic spectral curve depend on the ramification points of ICn and different 
choices may lead to different solutions such as solitons, cuspons or peakons, 
breathers, etc. in some other integrable models. To derive the A-dark soli- 
tons of FL hierarchy, we degenerate the hyperelliptic curve /C„ of genus n 
into a genus zero algebraic curve by pinching all Oj-cycles of the associated 
Riemann surface (cf.[3]). We assume that the ramification points Em are 
ordered according to 

Re{Ej) ^ Re(^fc), j < k, j, = 0, . . . , 2n + 1, 

and consider the limit 

E2m-i,E2m ^ am, m = l,...,n + l, (5.1) 

where Om 7^ «fc for m ^ k. Putting Eq = f3,Ei = — /3 with /3 > 0, one finds 

n 

/C„ ^ /C" : y2 = (^2 _ ^2) -Q^^ _ ^ .)2^ (5 2) 

where /3 ^ aj,j = 1, . . . ,n. Then the holomorphic differentials Uj (cf. (|3.5ip ). 

n 2n+l -1/2 

i=l m=0 
n n _^^2 



1=1 m=l 

Using the normalization condition / ujj = 6jk and 

n n 

-fe -^"fc e=i m=l 



27riipj{ak)(^^Jal- 13^ JJ (afc - am)) , (5.4) 

m=l,my^k 
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one concludes 

fji'^k) = —.Sj,k\/c4~~^ n (afc-am)- (5.5) 

m=l,m^fc 

Here we employ the notation 

n 

e=i 

Especially, one obtains 

^^^"'''^ ' V'j(0 = Cj(n) Yl (^-«™) (5-6) 

from (j5.5p . Then using (j5.6p . one finds 



(Jj —7- tj" 



,0 

^ 27ri V 



771=1 



The elements of Riemann matrix r = (rjk) 

Tjk = [ UJk = '^ [ 



^2/ ^o^_lln!^A^o^ (5.8) 

with 77fc = (afc — /3)^/2(afc — /3)~^/2. So for the diagonal elements of r, 
Re(iTfcfc) —7- —00 in the limit (j5.ip . Then one can rewrite the Riemann 
theta function p.52p as 

In n 

^(1) = exp 27rz 

(n ^ n \ 

27ri E (^Zj + -Tjj) + 27ri ^ Tj™/cj/c„ + vri ^ r,j /Cj - 1) 
j=l j<m j=l J 



( 27r2 ^ (^Zj + ^Tjj^ + 27ri ^ r^rn^jkm j , k = {ki,...,k„ 

(5.9) 
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As described in section 4, we are interested in soliton solutions q, r of 

PLC r) = ( ^^^L^ fr+-^'+'^~'^^'1^9r--+'^ifr--l,^ \ -j^QS 

- \ r^tr-hr+-i,+,x + '^ihr_-i-+2ir^gr_- J ' ■ > 

{q,r)U^=to,, = {q^'\r(^^), (5.11) 
(0) 

hn+-i,+,x + 2i/i„__i _ + 2iri"^5r„___ 



-FMgW,rW)=( /n+-l,^-,x-2^g. 5n_,- + 2z/„__i,_ ) = q, (5.12) 



with 



" '^"°^det(^.. + ^e-(A.(^o,-HA.(Po,-)))^ 



(5.13) 



^ °^det(5., + ^e-(^°(^o^-)+^°^(^o,-)))^ 

(5.14) 

Here and thereafter, for VP G ICn\{Qo} we denote 

A0(P) = -1/2+ ^ / w^(P) / u;j + Aq,,,{P) 

- «Qoj(^A(2:o)) - ^f^dj (^ - ^o), 

n „ „p 

A,(P) = -l/2+ J] u:,{P) u:,+Aq,,{P) 

- «Qoj(%xo,io..)) - ^KJi^ - ^o) - iUl'iU - to,r). 
Then we have the following result. 

Theorem 5.1. Assume (|2.ip . (|2.2p and suppose that (|4.ip and ()4.2p /loW 
wzt/i respect to the constraint p.2p on fi, where Q, <Z M."^ is open and con- 
nected. Moreover, suppose that T>ji(^^ ^^^, or equivalently, ^?p(a;,tr); is nonspe- 
cial for {x,tr) G f^. Then for the cauchy problem of FL hierarchy (|5.10p - 
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(|5.14p we obtain the following N-dark soliton solutions 



q{x,tr) =q{xo,to,r) 



det(5,fc + -5^e-(^.(^o.-)+A.{Po,-))) 



r{x,tr) =r(xo,to,r) 



Vj+Vk 

X gj(a;-xo)(eo,_-eo,+)+i(tr-io,r)(f^r'"+f^r'^) j^g-j 



Vj+Vk 



det(5,fc + ;^e-(^.(^o.-)+A,(Po,-))) 

.0,- , oO,+ x 



Proo/. It suffices to consider the limit (^A^ of (0776]), (gZZl). Using (fOjl . 
the symmetric property = 9{—z) and the formula 



exp 27ri /cjZj + 27ri Tj^kjkm 1 = deti?, 
fce{o,i}" \ j=i j<m j 

+ Vk 

one concludes (I5.15p . ()5.16p . □ 

Remark 5.2. (i) Taking fixed r = (1, 1) and varying n G N^\{(0, 0)}, one 
finally derives the N-dark solutions of FL equation ()1.2p . This result is 
consistent with that of \25\ . 

(ii) In Theorem 5.1, taking some fixed r € N^\{(0,0)}, and varying n € 
N^\{(0,0)}, we obtains the N-dark soliton solutions of the rth equation in 
the FL hierarchy. 
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